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Abstract— We consider the problem of achievable per-node
throughput in an extended distributed wireless network where the
node locations are random and the channel attenuation between
pairs of nodes exhibits independent random multipath fading.

In [1] a clever protocol construction based on percolation
theory was used to show that a per-node throughput of a
constant times ﬁ bits per second is achievable with probability
approaching one as the expected number of nodes in the network,
n, becomes large (i.e. w.h.p.), for networks with random node
locations under a deterministic channel gain modeling path-loss
and absorption.

We use a similar approach to extend the result to a more
realistic channel gain model where the channel gains are random

due to multipath effects. In particular, we show that a constant

times \% n—':)% is also achievable, w.h.p., when the channel gains

are random. The result applies to independent, frequency flat
fading channel models where the tail probability exhibits an
exponential decay (e.g., any mixture of line of sight and Rayleigh,
Rice and Nakagami distributions).

I. INTRODUCTION

An infrastructure free wireless network where nodes com-
municate wirelessly over a common wireless medium is con-
sidered. Since the landmark work of Gupta and Kumar [2]
throughput scaling laws in wireless networks have received
considerable attention, e.g. [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13].

A common model in network capacity literature is that of
an extended network, a network where the area scales with
the number of nodes, keeping the node density constant. A
permutation demand where each node is associated with two
end-to-end traffic flows in the following manner is considered:
New traffic for exactly one flow is generated at each node.
Similarly, each node is the ultimate destination for a single
flow. The origin and destination for each flow are chosen
randomly and uniformly, and the metric used to evaluate
performance is the per-node throughput.

Variants of this model are also considered in the current
literature. While some works allow for a general form of
network coding [7], [11], [13], others restrict their discussion
to simple multihop packet propagation, allowing point-to-point
coding only [1], [2], [14]. Some publications differ on the
basis of network geometry, distinguishing between arbitrary
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networks, where nodes are placed in the plane according to
some (possibly favorable) geometry, and random networks,
where nodes are placed in the plane at random, often according
to a uniform density Poisson point process. In addition, the
channel attenuation models may differ. In particular, while
most authors account for path-loss and absorption, others
account for fixed fading [10], or time-varying fading [13].

Electro-magnetic waves propagate in the wireless medium
from the transmit antenna to the receive antenna via multiple
paths. The signals received over different spatial paths may add
constructively or destructively at the receive antenna, resulting
in a variation in the channel attenuation. A simple and accurate
model for path attenuation in narrow-band systems is to model
the channel attenuation as a product of two coefficients:
a random coefficient (the fading coefficient) accounting for
multipath effects, and another coefficient accounting for path-
loss and absorption effects.

Our work is mainly motivated by the clever protocol con-
struction in [1], where the case of random networks was
considered under a pure path-loss and absorption channel gain
model and assuming point-to-point coding. The authors apply
percolation theory techniques [15], [16] to show that with high
probability (w.h.p.), i.e., with probability approaching 1 as
n approaches infinity, throughput equal to a constant times
ﬁnbo‘:fe is achievable in random networks. Interestingly, the
upper bound for the case of arbitrary networks was shown
to decay at rate in as n approaches infinity, implying that
random network achievable throughput is within a constant
factor of arbitrary network throughput when the network is
large. Percolation theory has been previously shown to be
useful in the study of the connectivity of wireless networks
[4], [17] [18], [19], [20]. It is not clear how inclusion of the
more realistic random channel model impacts the performance
of such a percolation theory based delivery scheme. Under
such a model, rather than having a deterministic mapping from
distance to channel attenuation, received signal levels are only
statistically related to network geometry. Innovative solutions
are required to allow for an efficient protocol construction
while overcoming the added uncertainty. We address the
problem of throughput capacity of fixed, extended random




networks employing point-to-point coding. In particular, we
obtain a lower bound on the achievable per-node throughput,
by appropriately adapting the protocol constructed in [1] to a
multipath fading environment.

A similar problem was previously addressed in [10] where
a per-node throughput of a constant times nETEYe >0
was shown to be achieved w.h.p.. The protocol constructed
in [10] first divides the network area into a constant times
n®, b < 1 cells. Subsequently, packets propagate from one cell
to the next horizontally and then vertically until they reach the
destination.

In this paper we show that under fixed flat fading conditions,
if the channel attenuation exhibits power-law path-loss with
exponent o > 2, or any absorption, which is modeled by
exponential attenuation, then throughput equal to a constant
times % nt:)'?e can be achieved w.h.p.. This proves that, w.h.p.,
the achievable throughput in such a network, having a random
geometry and random channel gains, is no less than a constant
factor from the achievable throughput of an arbitrary network
under a simple path-loss and absorption channel gain law.
Compared to the results in [21], where it was shown that
\ﬂ% bils is achievable under similar conditions, for the

n log log n node
Rayleigh multipath fading case, this paper further tightens
the lower bound and generalizes the result to apply to a
more general class of random fading distributions, including
mixtures thereof.

The rest of the paper is organized as follows: In Section II
we specify the network model, the channel attenuation model
and problem formulation. In Section III we provide an outline
of the packet forwarding protocol. The protocol is similar
to that in [1], with the same three phases and a highway
construction based on a mapping to a bond percolation model.
In this section, for each of the phases of the protocol, we
emphasize new complications and describe the adaptation
made to overcome the added uncertainty. Sections IV and V
are used to establish theorems that will be needed to prove
the result. In Section IV a TDM scheme and a corresponding
upper bound on interference is presented. Section V constructs
a mapping from the network to a bond percolation model, to
show that a highway system rich in crossing paths exists in
the network. In Section VI the different protocol phases are
described in detail and then analyzed to arrive at our main
result. Section VII concludes the paper.

II. NETWORK MODEL AND PROBLEM FORMULATION

We assume'n; nodes are placed according to a Poisson

point process of unit intensity in a square of area n, defined by
[0,+/n] x [0,+/n]. A permutation traffic demand is assumed.
We denote the Euclidean distance between node ¢ and node
j by d;;. Each node has peak transmission power P. The
power of the signal received from node ¢ at node j is given
by P;l(i,j) where P; is the power used by node i when
it transmits and {(7, j) is the channel attenuation coefficient

I'The number of nodes, n1, is random. However, note that by the weak law
of large numbers limy oo Pr{(1 —e)n <n; < (14+¢e)n} - 1Ve>0.

between node ¢ and node j. We consider channels of the form:
1(i,) = fijgij where g;; = d“e” 7% is a deterministic
path-loss and absorption component and f;; models multipath
fading effects. We assume that f;; is independent of {fy; :
(k,0) ¢ {(4,7),(4,1)}} and fi;; = fj; V ¢,7. The distribution
of f;; is such that V 7, j:

1) fi; is non-negative.

2) Elfi]=1.

3) The c.d.f. of f;; has an exponentially decaying tail, i.e.,

Pr{fij > f} < Cleitﬁf Vf > fo

for some real and positive parameters ¢y, fo and ¢..

We note that Rayleigh, Nakagami and Rice distributions
as well as Line Of Sight (LOS) channels (the attenuation
of LOS channels is modeled by a deterministic function
of the distance, accounting for path-loss and absorption as
described above, so that f;; = 1 Vi, ) all satisfy the above
requirements [14, Theorem 6]. Also, the fading coefficients
corresponding to the W channels in the network may be
a mixture of different distributions. We are interested in lower
bounding the throughput that is achievable concurrently for all
source-destination pairs in the network. Since the geometry
and the channel gains in the network are random, no strictly
positive throughput can be assured to be supported for any
network realization having a finite number of nodes. Therefore,
we are mainly interested in events that occur w.h.p.. An event
A(n) is said to occur w.h.p. if lim, o Pr{A(n)} = 1. In
particular, we restrict our treatment to point-to-point coded
transmissions (i.e., multihop) where the capacity of the direct
link from ¢ to j is defined as

where N is the ambient noise variance, Ny > 0. By con-
structing an appropriate packet forwarding protocol, we show
that w.h.p. a throughput of at least a constant times Ln bits
per second per end-to-end flow in the network is achievable.

cij = log <1 +

III. OVERVIEW OF THE SOLUTION

As mentioned earlier, the protocol construction is an adapta-
tion of the protocol in [1]. While the protocol in [1] applies to
networks where the channel gain is a deterministic function of
the distance, we account for random multipath fading. In the
following we describe the protocol construction and highlight
complications due to random fading the required adaptations
to the protocol in [1] to overcome this added uncertainty.

W.h.p. a “highway system” can be constructed. The highway
system is made of disjoint paths, crossing the network from
left to right and top to bottom. A path in the highway system
is made of a chain of nodes, where any two neighboring nodes
along the chain are no more than a constant distance apart and
there exists a Time Division Multiplexing (TDM) scheme with
a constant number of time slots under which each node along
any highway chain has an opportunity to receive a data packet
from each of its neighbors in the highway system at least once



in every TDM cycle. For each received packet the Signal to
Interference plus Noise Ratio (SINR) is assured to exceed a
predetermined positive threshold. A horizontal (resp. vertical)
path originates no more than a constant distance from the left
(resp. bottom) edge of the network and ends within a constant
distance from the right (resp. top) edge of the network. The
path never crosses any other horizontal (resp. vertical) path in
the highway system and never comes closer than a constant
distance from the top or bottom (resp. left or right) edges of
the network.

The delivery of a packet from source s to destination d is
carried in three main phases:

o Draining: The packet is sent directly from s to some

entry point in the horizontal highway path responsible
for draining packets from s. W.h.p., for each node in the
network, there exists an entry point which is within some
constant times logn from the source. An appropriate
TDM scheme with a constant times log® n slots exists
such that, w.h.p., at least a constant times ﬁ n?dse can be
drained.
In the deterministic channel gain case, as long as the
node is within a certain distance from its target horizontal
highway path, the node is assured to be able to access
the highway through the highway node in the cell exactly
North or South of its own cell. Under random multipath
fading the channel gain to any specific entry point is
not assured to be large enough. By allowing access to
one of a large set of potential entry points in the target
horizontal highway path, leveraging multiuser diversity,
we show that w.h.p., for every node in the network, an
appropriate entry point exists (Theorem 3). In addition,
due to the random channel gains, the interference bound
under TDM in [1] does not apply. We provide a new
bound on interference under TDM, applied to the random
multipath fading case (Theorem 1). This bound is needed
to facilitate proof of the main result.

o Highway: The packet propagates in a multi-hop fashion
along the horizontal highway path until it reaches the
crossing point with the vertical highway path associated
with the destination. Then, it proceeds in multi-hop fash-
ion until it reaches the suitable exit point in the vertical
highway path (see delivery phase). A TDM scheme with
a constant number of slots exists such that, w.h.p., the
SINR at any receiving node during the highway phase
is no less than a predetermined constant. In addition, the
number of links that receive service from any highway
path is no more than a constant times \/n. Therefore,
w.h.p., a constant times \%% can be supported by the
highway system. This phase of the protocol happens to
be the bottleneck.

In [1], under TDM with a constant number of time
slots, the interference is upper bounded by a constant.
Similarly, when the cell side length is a constant, the
signal level from a point in any cell to any point in
any neighboring cell is lower bounded by a constant.

Hence, each transmission to a node in a neighboring
cell is assured an SINR above a constant threshold. The
mapping to the bond percolation model is then relatively
strait forward.

For the case where the channel gains are random neither
is the interference upper bounded by a constant nor is the
signal level lower bounded by a constant. We amend this
complication by taking into account the channel gains
to the points in the neighboring cells and the potential
interference at those points before declaring the status of
a cell as open. Theorem 2 shows that after accounting for
the additional constrains, the network is still rich enough
in crossing paths.

Another important feature of the model in [1] is that the
event of a cell being open depends only on the event of
the existence of at least one point in the cell. The status
of the different cells is therefore independent from one
cell to the next. This readily available independence is
essential to allow the mapping to the bond percolation
model. Under fixed multipath fading, the status of the
cell depends on different channel gain realizations, as
described above. To avoid dependence of the status of a
cell on the status of any other cell, a carefully constructed
sequential evaluation of the cells’ status is suggested. By
making sure that a cell is open independently of the status
of any other cell this construction facilitates the mapping
to the bond percolation model. This process is described
in detail in Section V.

o Delivery: For each node in the network, an exit point
exists along an appropriate vertical highway path such
that, w.h.p., the distance from the exit point to the
destination is no more than a constant times logn. A
TDM scheme with a constant times log4 n slots can be
defined such that w.h.p. it is possible to deliver a constant
times ﬁ e
Comparing delivery under the deterministic channel gain
model in [1] to delivery under the random channel gain
model, a similar trend to that of the draining phase arises.
Since the destination node, d, is predetermined the source
of multiuser diversity is now at the transmit side, i.e., the
exit point from the vertical highway path is chosen so that
the signal level is above a threshold. The interference is
shown to be below the threshold by applying Theorem 1
to the problem at hand.

We formally combine these phases in Section VI to prove the
main result.

IV. INTERFERENCE UNDER TIME DIVISION
MULTIPLEXING

In this section we define a TDM scheme that will be used
in each of the phases of the packet forwarding protocol. As a
preliminary, we divide the \/n x /n area into square cells of
constant side length ¢, as shown in Fig. 1.

Define the following TDM scheme with k? time slots:
Assign each cell to one of k2 subsets while making sure the
centers of any two cells assigned to the same subset are at



Fig. 1. Dividing the network area into cells of side c.

Fig. 2. Subset allocation with k = 3.

least kc apart. A subset allocation for k£ = 3 is in Fig. 2.
Attimesloti, i = 1,2,---, k? up to one node in each cell in
subset ¢ transmits to a destination. We limit our discussion to
cases where k = 3(d+ 1) for some positive integer d, and the
length of the side of the square within which the destination
node is located is (2d + 1)c. The square is centered at the
center of the cell of the emitting node. Fig. 3 depicts this for
d = 1 (The grid in Fig. 2 is rotated by 45, resulting in Fig. 3).
Each phase of the packet forwarding protocol will use its
own TDM scheme. Denote the maximum number of concur-
rent transmissions in any time slot under the TDM scheme
with k2 time slots by t;. Since only one node per cell is
allowed to transmit in any given slot’ ¢, = O (k%) Since,

2Notation used throughout the paper: f = O(g) if limsup,,_, o, % <
oo; f=Q(g) if g=O(f); f =O(g) if f =0O(g) and g = O(f). Thus
all O(-) results are upper bounds, all Q(-) results are lower bounds and ©(-)
results are sharp scaling estimates.

Fig. 3. TDM with d = 1: a source-destination pair, destination range and
closest interfering cells.

by construction of the TDM scheme, there is a one-to-one
mapping from transmitters to receivers in each slot, the number
of receivers, 7y, is equal to ¢;. Denote the maximum number
of source-destination pairs whose sources are located in the
same cell, across all cells in the network, for the protocol
phase under consideration by k.. Therefore, a schedule with
k?k. slots with O () transmitters and O (%) receivers in
each slot can be constructed for the phase under consideration.
Denote the interference at receiver j,1 < j < rp in slot v,
1 < v < k%k. by Ii(j,v).
Theorem 1 (Interference Bound): Define the event

T2 {Id(jm) < K(V2ed) e V2 ogn ¥ j7v}

where K is some positive constant. Whenever o > 2 or v > 0
and as long as % < ¢g, for some constant ¢y > 0, Z occurs
w.h.p..

Proof: Consider the destination node in Fig. 3. The inter-
fering emitters in the 8 possible interfering cells in Fig. 3 are
each more than v/2c¢d away from the destination. Interferers
are located in cells whose centers are on the sides of squares
with side length 2kei, i = 1,2, ..., { S
interferers corresponding to the ¢-th square is at most 8 and
the distance from the receiver to the closest interferer is more
than /2cdi as it is easily verified that in the worst case the
distance is

J. The number of

(3i — 1)(d + 1)e > V2edi ¥ i. (1)
A | V| Vn
Also, note that ms = L/ﬁkcJ is O (¥~ ).

Let I/)(j,v) be an upper bound for I4(j,v), defined as
follows:

1) In the actual network some of the cells defined by the
TDM scheme will have no emitting node. Upper bound
the interference by adding a fictitious interfering node
in each such cell.

2) Consider square ¢, @ = 1,2,..., L\/éicJ of side length
2kci. In general, not all 8 cells whose centers are
equally spaced on the perimeter of this square are within
the \/n x y/n network area. Add a fictitious interfering
node in each of the cells that is not within the network
area.

3) To determine the path-loss and absorption components
of the channel attenuation use the lower bound on the
distance, as defined in (1).

4) The fading component of the channel attenuation is
determined as follows:

o Real interfering node: use the actual fading coeffi-
cient.

« Fictitious interfering node: generate a fading coef-
ficient at random.

5) Assume all interfering nodes emit at peak power, P.
Accounting for 1-5 above we have

ms 8s

Illi(ja ’U) £ Z Z P[\/iCSd]_ae_’Y\/iCSdfi(izls(s—l)ﬂj'

s=1i=1



(U) 4ms (m'ngl)
where { I }

J1,J2
interferers (reaI7 and fictitious) that correspond to slot v €

{1,2,...,k?} to point jj.

Note that I;(j1,v1) and I4(j2,v2), are, in general, not
independent random variables. There exist several sources of
dependency:

are the fading coefficients from all

o Location of the respective receiving node in the network
area and distance from the network’s boundary.

e When v; = w9, the same nodes interfere with the
reception at both j; and jo (except for node js interfering
with ji’s reception and vice versa). Though the random
fading components are independent, dependency arises
due to interfering node transmit power level and distance
dependency reflected in the path-loss and absorption
components.

By applying 1 through 5 above to upper bound the interfer-
ence, all such dependencies are eliminated, so that [ ,'1 (j1,v1)
and I)j(j2,v2) are independent random variables whenever
(j1,v1) # (J2,v2), as shown below

E[I;(j1, v1)I5(j2, v2)]

m3 881 ms3 852

=33 S [ e

s1=1i1=1s2=112=1

(v1) (v
B |:fi1i451(5171)7]1f2‘?’452(52 1) 32:|

m3 881

o —a_ —vy\V2csd (v1)
- Z Z P[\/iCSd] e E |:f’i1j'451(5171)7]—1:|
51:1i1:1
Sh S va (v2)
—a,—yV2csd v
’ Z Z P[\/iCSd] e E |:fi2i482(52—1);j2j|
52:1 i2:1

=E [I3(j1,v1)] E [I;(j2,v2)] -

where the second equality follows since if j; # jo these are
fading coefficients the correspond to channels terminating at
different points. If v; # vs, the fading coefficients correspond
to channels originating at different points.

This observation will be useful during highway construc-
tion, which is discussed in the next section.

Define the following event:
A= {I(’i(jm) < K(V2ed) ™% V> ogn ¥ jm}

Since 14(j,v) < I5(j,v) V j,v the events Z and 7' are related
according to: Z 2 7'. It follows that Pr{Z} > Pr{Z'}.

We now focus on lower bounding Pr{Z’}. Consider the

following probability

pr(j,v) = Pr Id J,v) < K(\/_Cd) e_WﬂCdlogn}
Ay Vaesd p(v)
—ag— 2csd (v
L PO C TN
s=1 =1

< K(V2ed)~ ae=1V2ed o0 n}

m3 8s
Sia( 77\/_cd)

s=1i=1

< Kle*'y‘@“l log n}

_ (v)
=Pr fz+4s (s—1),5

)

ms s—1
LK. Define K, £ 8231_0‘ (e‘”ﬁc‘i)

s=1
Note that Ko < oo when either {o > 2,7 > 0} or {a >
0,v > 0}.
Rewriting (2) we have

where K, £

124 (.]7 1}) =
ms 8s
Pr{ Z Z s (efvﬂcd) e 'vfcdfz+4s(s "
s=11=1
ms 8s s—1
< ng_W‘/iCd lz Z s« (e‘ﬁwd) 1 logn}
s=11=1
(3)
where K3 £ &1

K_z'
For any set of random variables, {Xi}fvzl, the following
always holds

ﬂ{Xs Sas} - {ZXSSZGJS}

Hence, if {Xi}fil is a set of independent random variables

N N N
Pr{z;Xs < Z;a} > lijr{XS <a}. @

Applying (4) to (3) we have

ms 8s

pr(yv) > HHPr{ SURI <K31ogn} )

s=11i=1

As mentioned in Section II, the set of w fading
coefficients in the network are a mixture of random variables
having different distributions. All fading coefficients satisfy
the condition F(f) =Pr{f;; < f} > 1—cietf V f> fo.
Hence, for large enough n and V [, Vv

Pr{ l(? < K3zlog TL} >1—cretefsloan — 1 _ o ptels,

From (5) we get

pr(j,v) > (1 — egn~tefoyma
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Fig. 4. Remaining edges and points after step 1. Fictitious points are marked
by circles.

where my £ 4mg(ms + 1) is O (1%).

Since {Ij(j,v), 1<j<rp, 1 <v<k%kc} is a set of
independent, identically distributed random variables, Pr {Z}
is lower bounded as follows

n2ke

Pr {I} > Pr {I/} — [pp(j, v)]k2kcrk > (1 _ ClnftﬁKS)Cs %2
(6)

for some constant c3 > 0.

When ’,j—g < ¢g, for any constant co > 0, the right hand side
in (6) tends to one as n — oo if t. K3 > 2. This is satisfied
for any K > 2 K,P. [ ]

V. HIGHWAY CONSTRUCTION

Applying the percolation results established in [1] we show
the existence of a cluster of nodes forming the wireless
backbone. The objective is to formally construct a mesh of
paths that can simultaneously carry information across the
network at a rate of € (1) bps each. This mesh is referred
to as the highway system. It is used it to carry packets over
most of the distance.

A. Open Cells, Closed Cells and Edges

The highway system will be constructed by mapping the
wireless network to a bond percolation model. Note that the
probability of a square cell containing at least one point,
denoted by p., is ,

Pc = 1—e¢
This probability can be adjusted by changing the value of c.
The following steps allow us to proceed with the mapping:

1) This step is similar to the construction in [1]. Mark
half of the cells as horizontal cells and the other half
as vertical cells. In each horizontal (resp. vertical) cell
place an edge diagonally across it horizontally (resp.
vertically). For cells having one or more point, arbitrarily
select a single point and discard the rest. Discard edges
from cells that do not contain a point. Add a fictitious
point in the middle of each empty cell. An illustration
of the result is in Fig. 4.

2) Discard any horizontal edge if the channel gain from the
point in the cell containing that edge to the point in the
horizontal cell to its East or to either of the points in
the vertical cells to its East are less than a predetermined
threshold, T (e.g., in Fig. 5 edge e; is discarded if 1, l2

o

Fig. 5. Deciding whether a horizontal edge should be discarded.

ggé

\o

&
<&

Fig. 6. Deciding whether a vertical edge should be discarded.

or 3 are less than T"). Similarly, discard any vertical edge
if the channel gain from the point in the cell containing
that edge to the point in the vertical cell to its North or
to the either of the points in the horizontal cells to its
East are less than T (e.g., in Fig. 6 edge ¢; is discarded
if 4,15 or lg are less than T).

3) Consider a TDM scheme as defined in section IV, using
k? = 36 time slots (i.e. d = 1). Note that cell 7 has up to
6 neighboring cells where the edges contained in those
cells are directly connected to the edge in cell ¢ (see
Fig. 7). Accordingly, let each time slot be further divided
into 6 shorter time slots allowing each node to transmit
to each such neighbor exactly once in every TDM cycle.
Denote the nodes in the cells neighboring cell ¢ by
71,72, ---,J6- The edge in cell  is to be discarded unless
I G,v) < Ljaw, Yl €{l=1,2,...,6} where ;4 is
some predetermined threshold and v; is the slot intended
for transmission from cell ¢ to the cell containing node
71 An illustration of the network with the remaining
edges is in Fig. 8.

We refer to cells within which the edge remains as open cells
(as opposed to closed cells). Note that if two cells are con-
nected by a path (of edges) then there exists a corresponding
sequence of single cell hops from the origin to the destination.
Each cell visited has a real point in it, the channel gain from

YA
N

Fig. 7. Cell ¢ and its 6 neighboring cells.
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Fig. 8. A network with the remaining edges after steps 2 and 3.

Fig. 9.

Identifying open cells.

the point in the previous cell visited to the point in the next
cell along the path is at least 7', and the interference is less
than I,,,,, when the TDM scheme defined in step 3 above
is used. To see why the signal level is assured to be at least
T, consider Fig. 9. If cell 1 is open, the node in it is real,
the interference at all neighbors is less than I,,,, and the
channels to the points in cells 2 and 3 meet the threshold.
We proceed vertically to cell 4. If cell 4 is open, the point in
it is real, the interference at all neighbors is less than [,,4,
and the channel gains to the points in cells 3, 6 and 7 exceed
the threshold. We proceed vertically to cells 5, 16, and so
on. Next, consider cell 3. Since connectivity to the points in
cells 1 and 4 has already been checked (and is reflected in
the status of the corresponding cells), we check connectivity
to cells 2, 7 and 6. For cell 6, we only need to check channel
gains to points in cells 7, 14 and 15. By proceeding column
by column, bottom to top, the new channels are always the
channels to the East and to the North, while the channels to
the West and South have already been checked when the status
of previous cells was determined. An important consequence
of this construction is that the event of a cell being open is
independent of the status of any other cell in the network, as
we show next.

We now bound from below the probability of cell ¢ being
open. For cell 7 to be open three independent conditions must
be satisfied. The first requires that the point in the cell is real,
occurs with probability p. independently for all cells. The next
two conditions impose requirements on the channel gain to
neighboring nodes and the interference at neighboring nodes
under TDM. We evaluate the corresponding probabilities next.

For the channel gain requirement to be satisfied at most
three different channel gains must be at least 7. It is easy
to verify that, at most, one of the channels considered cor-
responds to a cell having a common corner point with the
cell under consideration. In such a situation, the distance
between any two points, one in each cell, is upper bounded
by 2v/2¢. Also, at most two channels correspond to cells
having a common side with the cell under consideration. The
corresponding distance in such a situation is upper bounded
by V/5c (see Fig. 5 and Fig. 6). Define

p1 2 Pr {(h(2\/§c) > T)},
po = Pr {(h(\/gc) > T)} ,

where h(d;;) = 1(i,7). The channel gain requirement is
therefore met with probability at least p;p3, independently for
all cells. The probabilities p; and py can be set to be as large
as desired by setting the value of 7" low enough.

Next, consider the interference requirement. Whenever o >
2 or v > 0,

E [l (j,v)] <

i P {\/565} -« e—\/§’705 i E [fi(iis(S*l)vj}
=1

=8 {\/ﬁc} - Z slmae=V2res o

s=1
Let I £ E[I}(j,v)]. By Markov’s inequality
I

Pr {I{(jvv) > Imax} <

max

It follows that

Imaz - I

Imam

pI'(j7U) £ Pl"{[i(]/u) < Imam} >

Since {I}(j,v), 1<j<r, 1<v<k%k} is a set of in-
dependent, identically distributed random variables, we can
lower bound the probability that none of the interference
bounds exceeds 1,4

6 I _I 6
ps & 1:[1191'(3'1‘7“) > (%) :

The probability ps can be chosen to be as large as desired
by choosing I,,,, large enough. It follows that the probability
that a cell is open is lower bounded by p = p.p1pips = J-(1—
6_02) where J £ pyp3ps. EBach cell’s status is independent of

the status of the other cells.

B. Bond Percolation Results

Consider bond percolation in a rectangular lattice R of size
m1 X mg, with edge probability p, independently for all edges.
Denote the product measure with open edge density p by P,,.
Let A be the event of having at least one open path that crosses
R from left to right, and let I,.(A) be the event that there exist
r edge-disjoint such crossings.



The following lemma is based on a lemma in [15] and
follows directly from [1], the reader is referred to [1] for
details:

Lemma 1:

p Bma 4

1= Al < (522) 7 gmBa-)™ 0

P—q 3
for any ¢ < p and 8 > 0.

Similar to [1], We partition the network into horizontal
rectangles, R, of size Vn x V2ck log %, where ~ is some
strictly positive constant. The lattice size of each rectangle is
mxrlogm, m = %, when edges in the network are mapped
to edges in the bond percolation model grid. Since cells are
open with probability at least p, the number of disjoint open
paths from left to right inside each rectangle is at least as large
as the number of crossing paths in a bond percolation model
with edge probability p.

Theorem 2 (Number of Crossing Paths): For any constant
k > 0 and for any c satisfying ¢ > log6 + %, there exists
B = f(c, k) > 0, such that w.h.p. there exist S« log m disjoint
open paths inside each rectangle R,,.

Proof: The theorem is identical to that in [1]. However,
the probability p has the additional factor J. We show that J
can be selected so that the result will still hold.

Recall that p = J - (1 — 6_02) where J = pip3ps. By
selecting T and I,,,,, appropriately, we can set J to any value,
J € (0,1). In particular, choose J > Jpn;, where

o (1=2e7) (1—2e")

Jmin = = .
(1—e*)2  (1—2e +e2?)

We next apply LeI2nma 1. Choose q= 1—2 . It follovx;s
that % <1—e"9, ie, ﬁ < e . Also, 1 —q = 2.
Substituting into (7), we have

2\ Brlogm 4 2 rlogm
() g (o)

4

:gm

1- PP(IBH logm(-A)) <

(B—l)nc2+n log 6+1

Since the events occur independently in all ﬁ rectangles,
the probability, ()3, of having at least S« logm disjoint paths
in each rectangle is lower bounded as follows

Qs = {Pp [Isr10gm(An)]}~Toem
> <1 A (B-Dre?+rlog 6+1> e ®)
3

The right hand side in (8) tends to 1 when m — oo if
(B—1)rc* + klogh+1 < —1.

Choosing ¢ > log6 + %, the required condition is satisfied

when
klogb + 2
—_— >

0.
e

B(Cv’%) =1-

|

It follows that the total number of disjoint paths is at least
fm = 6%. Applying a similar construction, by dividing
the network into vertical rectangles, we obtain, w.h.p., at least

I6] % disjoint vertical paths. The highway system is the grid
formed by these paths.

VI. THE PACKET FORWARDING PROTOCOL

In this section we define the different phases of the packet
forwarding protocol to prove the main result. The bound on the
interference intensity under TDM in Section IV (Theorem 1)
and the highway construction in Section V (Theorem 2) are
the main building blocks used in this section.

A. Draining

We allocate % of the time slots in a TDM fashion for this
phase. We divide the network area into #m horizontal slabs.
The number of edge-disjoint horizontal paths in each rectangle
of width xlogm is at least Gxlogm (Theorem 2). We can
arbitrarily choose [xlogm disjoint crossing paths in each
rectangle to establish a one-to-one mapping between slabs and
highway crossing paths in each rectangle. Nodes choose an
entry point to the associated crossing path while exploiting
spatial diversity such that the received signal power will be
above a predetermined threshold. The next theorem makes this
precise.

Theorem 3 (Signal Power Bound): W.h.p., for any node in
the network there exists an entry point in its associated
crossing path that is no more than 2cx log m away for which
the received power is at least

P -ty (2cklogm)~“m 2w
where to iS some positive constant.

Proof: From Fig. 10, the vertical distance from a given
source to the highway is at most No log m. Thus, within
2cklogm of the source are at least xlogm possible entry
points.

The signal level at a corresponding entry point can be
assured to exceed a threshold if at least one of the fading
coefficients corresponding to channels from the source to
all possible entry points exceeds that threshold, i.e., if the
maximum of all fading coefficients exceeds the threshold.

For all fading distributions considered, V ¢4 >0 3 >0
such that Fy (t2) = Pr{f, <ts} <e *, 1<r <klogm
where { f,}"198™ are the fading coefficient between the source
and corresponding entry points. The probability that the signal
level at one of the entry points to the highway is greater than
threshold t5 is therefore lower bounded as follows:

K logm
p T t =(1- Fe (t
r{lﬁrglgl)égmf = 2} ( 7[[1 fT(2)>
Z (1 _ (e*C4)nlogm)
=1 — m—n04 .
As fading coefficients originating at different sources are

independent, the probability that each source in the network
will have an entry point such that the signal level is greater
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Fig. 10. Draining to the highway.

than ¢ is lower bounded as follows:

[Pr{ max  fp > tg}] > [1 — m7“C4]n
1<r<klogm (9)

2 2
_ [1 o m_WCAL]QC m .
As m — oo the right hand side in (9) tends to 1 as long as
cq > % Consider source node ¢ and assume without loss of
generality that the entry point is node j. It follows that the
received power at node j is, w.h.p., bounded as follows
Pij=Pf;d; i > Pty - (2cklogm) T m T2,
| ]
The slots allocated for draining are further distributed into
k? = 9(v/2klogm + 1)? slots, each serving a set of cells, as
described in Section IV. This assures that no more than one
source is accessing any entry point at any given time. Note
that 9(v/2x logm + 1)2 = 9(d + 1)2. Hence, d = v/2xlogm.
Applying Theorem 1, V j, v, w.h.p.,

I\/iﬁ logm(jv ’U) < K(?Ck iOg m)_am

as long as z—g < cy. By lemma 3 in [1], w.h.p. there are

less than ¢? logn nodes in each cell in network so that k. <
c?log n. Therefore, % — 0 as logn — oo and each source has
access to the highway at least once in every 3-9(v/2x logm +
1)2 - c?logn < Zk2c?log’ n slots. Consequently, the SINR
for each transmlssmn is at least

Pto(2cklogm)~*m
No + K (2cklogm)—“m=27¢%logn
B Pt
~ No(2ck logm)am2res + K logn

—2vck iOg n

—2vcK

which allows spectral efficiency

K4 K4 10g2 e
1 1 | Mmoo 5
082 < + (log m)am2V0N> (iOg m)amQ’YCN
= O ((logn)~*n=7")
where K, £ Nogt;n)a.

In summary, w.h.p., © ((logn)= > 3n=7°K) % can be

drained to the highway system. Since the highway system can

support (ﬁ nt;‘:jse

phase will not be a bottleneck if and only if yek < 5. From
Theorem 2 we also require ¢ > log 6—|— . A possible solution

(as shown in Section VI-B), the draining

is: H—4—W,C>47+\/167 +log6. If v =0, any ¢,k >0
satisfying ¢ > log 6 + = can be chosen.

B. Highway

Again, % of the time slots are allocated to this phase. Set d =
1 (i.e. kK = 9(d+1)? = 36) in the TDM scheme in Section IV.
By construction of the highway system, the achievable SINR

for each transmission is no less than #, implying

spectral efficiency equal to 2 (1) bp 2. Since each highway node
can transmit to each of its neighbors at least once in every
3-6-36 = 648 time slots, Q (1) 7 bps can be concurrently carried
over each crossing path. All trafﬁc carried over any horizontal
crossing path originates in a single horizontal slab. Similarly,
all traffic carried over any vertical crossing path is destined
to a single vertical slab. Assume be: M2 are drained to the
highway. By [1, lemma 4], w.h.p., no slab contains more than
2¢v/2n/3 nodes. Hence, any W satisfying ZWC@ < cs,
where c5 is some positive constant, can be supported during
the highway phase w.h.p.. Therefore a constant times %ﬁ%
can be supported by the highway when transmitting over some

fixed bandwidth 0 < W < oc.
C. Delivery

The delivery phase is very similar to the draining phase. The
packet propagates along a vertical highway crossing path as-
sociated with the slab within which the destination is located.
Again, there are 3m slabs and (3m corresponding crossing
paths. All nodes along a crossing path are in the same rectangle
as the destination, and therefore the horizontal distance to
the destination is no more than v/2kc log m. Therefore, there
are at least xlogm possible exit points within a distance of
2ck logm. Theorem 3 applies. Thus, w.h.p., all destinations
in the network can be associated with corresponding exit
points that are within the allowable distance and can provide a
received signal power of at least P - to(2ck logm)~m=27¢~,
By allocating the last % of the time slots and using a
9(v2klogm + 1)? time slot TDM scheme, the achievable
SINR is again, w.h.p., © ((1og n)”
tion by applying Theorem 1. Theorem 1 applies since each exit
point serves no more than 2elogm cells, having no more than
c?log n nodes in each, implying that k., < 2%02 logn -logm,
and

n*’YC"‘) for each destina-

k. 2kc?logn - logm 2c?
k2 = 9(v2rlogm +1)28 "7 9k’




Hence, O ((logn) =@~ 4n=7%) % can be delivered. Again,

choosing k = ﬁ, ¢ > 4y + /1672 + log 6, Q(\%) bps

can be delivered to all destinations.

Theorem 4 (Achievable Throughput): A TDM based proto-
col can be constructed such that, w.h.p., a constant times %
bps can be delivered from source to destination, for every

source-destination pair in the network.

Proof: From Section VI-A, w.h.p., (ﬁg bps can be
drained to the highway from each source. From Section VI-B,
w.h.p., Q ( ﬁ) bps can be carried from highway entry point
to highway exit point, for every end-to-end link in the network.
From Section VI-C, w.h.p., £ (ﬁ) bps can be delivered to

each destination from the corresponding highway exit point.
The result follows. ]

VII. CONCLUSION AND FUTURE WORK

In this paper we address the scaling behavior of the achiev-
able throughput capacity for an extended, distributed wireless
network where the nodes are randomly and uniformly placed
in a defined area. In particular, we consider the case where
the channel attenuation between pairs of nodes is fixed, but
exhibits independent random multipath fading.

Motivated by the results in [1] for networks where the
channel gain is modeled as a deterministic function of the
distance, we extend the %% scaling law to the random
channel gain model. This new lower bound indicates that the
random attenuation coefficients caused by fixed fading inflict
a penalty of no more than a constant factor on the per-node
throughput, at the limit of large n.

In comparison, the result in [10] implies a polynomial loss
factor of n¢, where ¢ > 0 can be made small, which results
from less efficient interference management, as well as the
need for larger cells to assure at least one node exists in
each cell, and to allow for sufficient spatial diversity to assure
connectivity between neighboring cells. Our construction alle-
viates these requirements by settling for partial connectivity
among neighboring cells. This allows to reduce the cell
size to a carefully adjusted constant that assures sufficient
connectivity, allowing construction of a “highway system” that
is rich enough in crossing paths.

This paper proves that under fixed multipath fading con-
ditions, the throughput scaling is no less than that possible
under a simple path-loss and absorption model. The protocol
construction presented herein leverages multiuser diversity to
overcome the added uncertainty in the channel gain. With
random multipath fading, the packet forwarding protocol can
not be constructed based only on topology. Spatial reuse and
link selection must take the realizations of the random coef-
ficient of the channel gains into account. Whether multiuser
diversity can be leveraged further so that a better scaling may
be achieved with multipath fading is, to the best of this author’s
knowledge, an open problem. No result proves the upper

bound of O gin) S holds for the fixed random multipath

v/n ) node
fading case. This problem is currently under investigation.

ACKNOWLEDGMENT

This work is supported in part by the UC Discovery
grant com02-10119 and by the U. S. Army Research Office
under the Multi-University Research Initiative (MURI) grant
# WO11NF-04-1-0224.

REFERENCES

[1] M. Franceschetti, O. Dousse, D. Tse, and P. Thiran, “On the throughput
capacity of random wireless networks,” IEEE Trans. Inform. Theory,
submitted for publication.

[2] P. Gupta and P. R. Kumar, “The capacity of wireless networks,” IEEE
Trans. Inform. Theory, vol. 46(2), pp. 388-404, Mar. 2000.

[3] M. Franceschetti, O. Dousse, D. Tse, and P. Thiran, “Closing the gap
in the capacity of random wireless networks,” in Proceedings of IEEE
International Symposium on Information Theory, Chicago, June 2004,
p. 439.

[4] L. Booth, J. Bruck, M. Franceschetti, and R. Meester, “Covering algo-
rithms, continuum percolation and the geometry of wireless networks,”
Annals of Applied Probability, vol. 13(2), pp. 722741, May 2003.

[5] O. Dousse and P. Thiran, “Connectivity vs capacity in dense ad hoc
networks,” in Proceedings of IEEE Infocom, Hong Kong, Mar. 7-11
2004, pp. 476-486.

[6] A. El Gamal, J. Mammen, B. Prabhakar, and D. Shah, “Throughput-
delay trade-off in wireless networks,” in Proceedings of IEEE Infocom,
Hong Kong, Mar. 7-11 2004, pp. 464-475.

[71 A. Jovicic, P. Viswanath, and S. R. Kulkarni, “Upper bounds to transport
capacity of wireless networks,” IEEE Trans. Inform. Theory, vol. 50,
no. 11, pp. 2555-2565, Nov. 2004.

[8] P. Viswanath and S. R. Kulkarni, “A deterministic approach to through-
put scaling in wireless networks,” IEEE Trans. Inform. Theory, vol. 50,
no. 6, pp. 1041-1049, June 2004.

[9] O. Lévéque and E. Telatar, “Information theoretic upper bounds on
the capacity of large extended ad hoc wireless networks,” IEEE Trans.
Inform. Theory, vol. 51, no. 3, pp. 858-865, Mar. 2005.

[10] S. Toumpis and A. J. Goldsmith, “Large wireless networks under fading,
mobility, and delay constraints,” in Proceedings of IEEE Infocom, Hong
Kong, Mar. 7-11 2004, pp. 609-619.

[11] L. L. Xie and P. R. Kumar, “A network information theory for wireless
communication: Scaling laws and optimal operation,” [EEE Trans.
Inform. Theory, vol. 50, no. 5, pp. 748-767, May 2004.

[12] P. Gupta and P. R. Kumar, “Towards an information theory of large
networks: An achievable rate region,” IEEE Trans. Inform. Theory, vol.
49(8), pp. 1877-1894, Aug. 2003.

[13] F. Xue, L. L. Xie, and P. R. Kumar, “Transport capacity of wireless
networks over fading channels,” IEEE Trans. Inform. Theory, submitted
for publication.

[14] S. Toumpis and A. J. Goldsmith, “On the capacity of large wireless
networks under fading, mobility and delay constraints,” Engineering
Library, Stanford University, Tech. Rep. WSL - 2003-07-23, July 2003.

[15] G. Grimmett, Percolation. Springer Verlag, 1999.

[16] R. Meester and R. Roy, Continuum Percolation.
Cambridge University Press, 1996.

[17] O. Dousse, F. Bacceli, and P. Thiran, “Impact of interferences on
connectivity in ad hoc networks,” IEEE/ACM Trans. Networking, vol. 13,
no. 2, pp. 425436, Apr. 2005.

[18] M. Franceschetti, L. Booth, M. Cook, R. Meester, and J. Bruck,
“Continuum percolation with unreliable and spread out connections,”
Journal of Statistical Physics, vol. 118, no. 3/4, pp. 721-734, Feb. 2005.

[19] E. N. Gilbert, “Random plane networks,” Journal of SIAM, vol. 9, pp.
533-543, 1961.

[20] T. K. Phillips, S. S. Panwar, and A. N. Tantawi, “Connectivity properties
of a packet radio network model,” IEEE Trans. Inform. Theory, vol. 35,
no. 5, pp. 1044-1047, Sept. 1989.

[21] Y. Nebat and S. Bhardwaj, “On the capacity of random wireless networks
under fixed multi-path fading,” in Proceedings of IEEE WiOpt, Boston,
Apr. 2006 (accepted for publication).

Cambridge, UK:



