
Critical node lifetimes in random networks
via the Chen-Stein method

Massimo Franceschetti� and Ronald Meestery

Abstract

This paper considers networks where nodes are connected randomly and
can fail at random times. It provides scaling laws that allow to �nd the
critical time at which isolated nodes begin to appear in the system as its
size tends to in�nity. Applications are in the areas of sensor and ad-hoc
networks where nodes are subject to battery drainage and `blind spots'
formation becomes a primary concern. The techniques adopted are based
on the Chen-Stein method ofPoisson approximation, which allows to obtain
elegant derivations that are shown to improve upon and simplify previous
related results that appeared in the literature. Since blind spots are strongly
related to full connectivity, we also obtain some scaling results about the
latter.

1 Introduction

In this paper we present results for networks where nodes areconnected ran-
domly and can fail at random times. We consider two percolation-theory based
models of random networks. The �rst one �nds its original for mulation in a
paper by Broadbent and Hammersley [3], who considered grid networks made
of edges that are drawn independently with probability p. Today, applications
of this simple model range from random electrical networks to reliability theory,
statistical mechanics and epidemics, to name a few. We referto [11] for exten-
sive references and for a more detailed account of these applications. The second
model is a natural extension of the �rst one to the continuum plane and was
proposed by Gilbert [10]. He considered nodes randomly located on the plane,
according to a two-dimensional Poisson point process, and edges connecting pairs
of nodes that are within range 2r of each other. This gives a family of random
graphs, parametrised by the density� of the point process, or equivalently by
the radius r of the discs. Gilbert's model, as well as more general randomcon-
nection models, are extensively discussed in [15]. Recently, there has been a
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growing interest within the information theory and network ing community in
applications and extensions of these two models to the emerging �eld of ad-hoc
and sensor networks. In this setting, percolation theory can provide the tools
necessary to derive the scaling laws of these systems as their size grows. Indeed,
results obtained under both Gilbert's continuum formulati on and Broadbent and
Hammersley's discrete one, have revealed to be key tools to derive connectivity,
capacity, and latency results of random communication networks. The reader is
referred for example to [2, 6, 7, 12, 13]. More recently, [8] exploited results from
discrete percolation to derive information theoretic lower bounds on the capacity
of random wireless networks, and [9] used results from continuum percolation to
derive bounds on the capacity of random wireless relay networks. These works
show that connectivity results in both the discrete and the continuum setting
can be used as building blocks to provide an answer to more complex questions.

In this paper we are concerned with the e�ect of an additional source of ran-
domness present in the system besides connectivity: due to power consumption
nodes may become inactive over time. That is, given a random network connec-
tivity graph Gn formed by n nodes, we letTi be the (random) failure time of node
i , and for all i 2 Gn we let Pn (Ti � t) = qn (t). We are then interested in discov-
ering the critical time scale tn at which \blind spots" (i.e. nodes with no active
neighbours) begin to appear in the network. As we shall see, before this phe-
nomenon is observed, the network essentially appears as being fully connected.
To estimate such a critical time, we �rst derive the precise asymptotics for the
number of isolated nodes in a random network where nodes are always active,
and then modify these results to tackle the node failure scenario. Throughout
the paper we make use of the powerful Chen-Stein method to establish conver-
gence to a Poisson distribution. This is named after work of Chen [5] and Stein
[17] and is the subject of the monograph in [4]. Where necessary, we also make
reference to results of Penrose [16] obtained in the continuum setting using the
same Poisson approximation techniques.

We also refer the reader to two additional related papers. The authors in [18],
using di�erent methods, derived the asymptotic distributi on of the number of
isolated nodes in the continuum model in the special case when qn = q, uniformly
in n and t. Our corresponding results reduce to the ones in [18] whenqn is
taken to be a constant, and in this case the entire derivationof the results in
[18] follows almost trivially by applying scaling relations to the work in [16]. The
authors in [14] considered the node isolation problem and the critical time for the
emergence of singletons, for givenqn (t). However, their results do not reduce to
the sharp ones of [18], due to the incomplete characterization of some additional
order terms. We also point out that the Chen-Stein method is relatively new and
this work serves as an opportunity to introduce this approach into the networking
community.

We summarize our contribution as follows. By using the Chen-Stein machin-
ery, �rst we derive the asymptotic distribution of the numbe r of isolated nodes
in a random grid network where nodes are always active. We show how this is
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related to the notion of full connectivity of the entire netw ork. Then, we com-
pare these results with the corresponding ones derived by Penrose [16] in the
continuum setting. Finally, we move on to the case when nodesin the random
network have a common random lifetime distribution qn (t) and we show how to
derive the critical threshold time tn at which blind spots begin to arise in the
two settings.

The rest of the paper is organized as follows. In the next section we present
results for node isolation and full connectivity when the only randomness is due
to random connections and there are no node failures. In Section 3 we derive the
critical time scales for isolated nodes to emerge in the network in the presence of
node failures. Finally, Section 4 concludes the paper.

2 Poisson approximation, node isolation and full con-
nectivity

In this section we consider node isolation events in random networks where all
nodes are active all the time, we determine their asymptoticdistribution, and
show how their disappearance corresponds to reaching full connectivity of the
network.

We begin by introducing our technical machinery. The Poisson distribution
naturally arises as the limiting distribution of the sum of n independent, low
probability, indicator random variables. The idea behind Chen-Stein convergence
is that this situation generalises to dependent, low probability random variables,
as long as dependencies are negligible asn tends to in�nity. More formally, we
de�ne the distance between two probability distributions as follows.

De�nition 2.1 The total variation distance between two probability distributions
p and q over N is de�ned by

dT V (p; q) = sup fj p(A) � q(A)j : A � Ng (1)

We refer the reader to [4], where the Chen-Stein method is applied to obtain
many bounds on the total variation distance between the Poisson distribution of
parameter � and the distribution of the sum of n dependent indicator random
variables of expectationspi . One bound that we use in this context holds when
the indicator variables are increasing functions of independent random variables.
We introduce the following notation. Let I be an arbitrary index set, and for
� 2 I , let I � be the indicator random variable with expectation E(I � ) = p� . Let
W =

P
� 2I I � and Po(� ) be a Poisson random variable of parameter� . We shall

use the following bound (Corollary 2.E.1 in [4]).

Theorem 2.2 If the I � 's are increasing functions of independent random vari-
ables, then we have

dT V (W; Po(� )) �
1 � e� �

�

 

Var W � � + 2
X

� 2I

p2
�

!

: (2)

3



The application we make of this bound is by considering indicator random vari-
ables of node isolation events in random networks, whose probability decays with
n. In this case we shall see that the bound converges to zero andthe sum W of
the indicators converges to the Poisson distribution of parameter � = E(W ).

Another bound we use is given in [1], and makes use of the notion of neigh-
bourhood of dependence, as de�ned below.

De�nition 2.3 For each � 2 I , B � � I is a neighbourhood of dependence for
� , if I � is independent of all indicesI � , for � 62B � .

Theorem 2.4 Let B � be a neighbourhood of dependence for� 2 I . Let

b1 �
X

� 2I

X

� 2 B �

E(I � )E (I � );

b2 �
X

� 2I

X

� 2 B � ;� 6= �

E(I � I � ): (3)

It is the case that
dT V (W; Po(� )) � 2(b1 + b2): (4)

We start by looking at the random grid, where each nearest neighbour edge
is present with probability p, independent of all other edges. We shall see that
the notion of blind spots is intimately related to the notion of full connectivity
of the network. We are interested in discoveringscaling laws of sequences of
�nite networks Gn contained in a box of grid sizen � n. These scaling laws are
events that occur asymptotically almost surely (a.a.s.), meaning with probability
tending to one as asn ! 1 . We use the terminology with high probability
(w.h.p.), to mean the same thing. To obtain a fully connected network inside
the �nite box, the value of p must be close to one, and we shall give the precise
rate by which p must approach one asn ! 1 in order to obtain full connectivity
w.h.p. Note this question is is not very meaningful if we assign the probability
p to the vertices of the grid rather than to the edges, as in thiscase each vertex
can be disconnected with probability (1� p), so the network is connected if and
only if all sites are occupied with probability one. Hence weonly deal with the
edge model, that is, with bond percolation.

The �rst theorem shows the correct scaling ofpn required for the number of
isolated vertices to converge to a Poisson distribution.

Theorem 2.5 Let Nn be the number of isolated vertices inGn . If, for some
constant � > 0, pn is such that

� = n2(1 � pn )4; (5)

then asn ! 1 , Nn converges in distribution to a Poisson random variable with
parameter � .
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Figure 1: Some con�gurations of isolated nodes in the randomgrid Gn . Dual
paths are indicated with a dashed line.

Proof of Theorem 2.5 The main idea behind this proof is to use the Chen-Stein
upper bound (2) on the total variation distance between the distribution of the
number of isolated vertices inGn and the Poisson distribution of parameter � .
First, to ensure we can apply such bound we need to show that isolated vertices
are functions of independent random variables. This follows from the dual graph
construction, which is often used in percolation theory. We refer to Figure 1.
Let the dual graph of the n � n grid Gn be obtained by placing a vertex in each
square of the grid (and also along the boundary) and joining two such vertices
by an edge whenever the corresponding squares share a side. We draw an edge of
the dual if it crosses an edge of the original random grid, anddelete it otherwise.
It should be clear now that a node is isolated if and only if it is surrounded by a
closed circuit in the dual graph, and hence node isolation events are increasing
functions of independent random variables corresponding to the edges of the dual
graph.

We can then proceed applying the Chen-Stein bound. Note that since isolated
vertices are rare events, and most of them are independent, as n ! 1 , we
expect this bound to tend to zero, which immediately implies convergence in
distribution. Next we spell out the details; similar comput ations are necessary
later in this paper, and it pays to see the details once1.

Let I i be the indicator random variable of node i being isolated, for i =
1; : : : ; n2. Let @Gn be the vertices on the boundary ofGn . We denote the
four corner vertices by \ Gn ; the boundary vertices excluding corners bykGn �

1 In the following we make use of Landau's order notation: with x0 possibly being 1 we
write f (x) = O(g(x)) as x ! x0 if lim sup x ! x 0

f ( x )
g( x ) < 1 ; we also write f (x) = o(g(x)) as x !

x0 if lim x ! x 0
f ( x )
g( x ) = 0.
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@Gn n \ Gn ; and the interior vertices by � Gn � Gn n @Gn . Finally, we let

W =
n2X

i =1

I i : (6)

We want to bound dT V (W; Po(� )). We start by computing some probabilities.
For this computation, examining the corresponding dual lattice con�gurations
depicted in Figure 1 might be helpful.

P(I i = 1) = (1 � pn )4; for i 2 � Gn ;

P(I i = 1) = (1 � pn )3; for i 2 kGn ;

P(I i = 1) = (1 � pn )2; for i 2 \ Gn : (7)

Note now that by (5) we have that 1 � pn = O(1=
p

n). This, in conjunction
with (7) and a counting argument, gives

E(W ) =
n2X

i =1

E(I i ) =
n2X

i =1

P(I i = 1)

= ( n � 2)2(1 � pn )4 + (4 n � 8)(1 � pn )3 + 4(1 � pn )2

= n2(1 � pn )4 + o(1=
p

n)

! �; (8)

as n ! 1 . Similarly, we have

n2X

i =1

[P(I i = 1)] 2 = n2(1 � pn )8 + o(1=
p

n)

= � (1 � pn )4 + o(1=
p

n)

! 0; (9)

as n ! 1 . Finally, we also need to compute

E(W 2) = E

0

@
X

�

I �

X

�

I �

1

A

= E

0

@
X

�

I � +
X

� 6��

I � I � +
X

� � �

I � I �

1

A ; (10)

where we have indicated with � � � the indices corresponding to neighbouring
vertices, and� 6� � the indices corresponding to vertices that are not neighbour-
ing neither the same. We proceed by evaluating the three sumsin (10).

E
X

�

I � = E(W ) ! �; (11)
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Figure 2: Con�gurations of adjacent isolated nodes in the random grid Gn . Dual
paths are indicated with a dashed line.

E
X

� � �

I � I � =
�

O(n2)(1 � pn )7 + O(n)[(1 � pn )6 + (1 � pn )5]

+ O(1)(1 � pn )4	

= o(1=n) ! 0; (12)

where the di�erent possible con�gurations of adjacent isolated nodes are depicted
in Figure 2. Finally, the third sum yields

E
X

� 6��

I � I � = 2
��

n2 � 4n � 4
2

�
+ O(n2)

�
(1 � pn )8 + o(1=n)

= n4(1 � pn )8 + o(1=n) ! � 2; (13)

where the dominant term corresponds to the �rst order term of the con�guration
of all

� n4 � 4n� 4
2

�
isolated pairs not lying on the boundary, excluding the O(n2)

isolated pairs that are adjacent to each other. Substituting (11), (12), (13) into
(10) it follows that

lim
n!1

Var W = lim
n!1

E(W 2) � E 2(W ) = � + � 2 � � 2 = �: (14)

By substituting (9) and (14) into (2), we �nally obtain

lim
n!1

dT V (W; Po(� )) = 0 ; (15)

and the proof is complete. �
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The previous theorem tells us that for some constantc > 0, pn = 1 � cp
n is the

critical regime for convergence of the number of isolated nodes to a non-trivial
distribution. The next proposition explores this a little f urther and articulates
the relation between full connectivity and isolated nodes.

Proposition 2.6 For any 0 < c < 1 , if pn = 1 � cp
n , then w.h.p. Gn is either

fully connected, or it contains at least one isolated vertex.

Proof of Proposition 2.6. We use a counting argument in conjunction with the
dual graph construction. First, we note that in order for Gn to be disconnected
and not to contain isolated vertices, there must be either a self-avoiding path
of length at least three in the dual graph starting at the boundary of the dual
graph, or a self-avoiding path of length at least six starting in the interior of the
dual graph, see Figure 2.

Let Pn (`) be the probability of existence of a self-avoiding path of length at
least ` starting from a particular vertex Gn . By the union bound, and since the
number of paths of length k starting at a given vertex is bounded by 4� 3k� 1, we
have

Pn (`) �
1X

k= `

4 � 3k� 1(1 � pn )k =
4
3

1X

k= `

[3(1 � pn )]k

=
4
3

1X

k= `

�
3c

n
1
2

� k

=
4
3

�
3c

n1=2

� `

1 � 3c
n1=2

=
4
3

(3c)` n� 1
2 (` � 1)

n
1
2 � 3c

: (16)

For boundary vertices of the dual graph, we are interested iǹ = 3, leading to an
upper bound of 4

3(3c)3 n � 1

n
1
2 � 3c

. Since the number of boundary vertices is 4n, again

applying the union bound it follows that the probability of a self-avoiding path
of length three in the dual starting at the boundary, tends to 0 asn ! 1 . For

the interior vertices we take ` = 6, leading to an upper bound of 4
3(3c)6 n � 5

2

n
1
2 � 3c

.

Since the number of such interior vertices is of the ordern2, the probability of a
path of length at least 6 tends to 0 asn ! 1 , completing the proof. �

We also have the following result,

Theorem 2.7 Let pn = 1 � cnp
n and let An be the probability that there are no

isolated nodes inGn . We have that

lim
n!1

P(An ) = e� c4
; (17)

if and only if cn ! c (where c = 1 is allowed).
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Proof of Theorem 2.7 We give the proof for c < 1 . The case for c = 1
follows from similar arguments. We start by showing that cn ! c is a su�cient
condition for (17) to hold. We have in this case that for any � > 0 there exists an
N1 > 0 such that for all n > N 1 cn 2 [c � �; c + � ]. We also have by Theorem 2.5
that if pn = 1 � cp

n , then

lim
n!1

P(An ) = e� c4
: (18)

Now note that since pn is monotone in c, and An is a monotone event, then
P(An ) is also monotone inc, for all n. It follows that there exists an N2 � N1

such that for all n > N 2 P(An ) 2 [e� (c+ � )4
� �; e � (c� � )4

+ � ], and since� can be
arbitrarily small the su�cient condition is proven.

We now have to show that if cn 6! c, then (17) does not hold. We have that if
cn 6! c, then there exists a subsequencecnk ; k = 1 ; 2; : : : ; such that cnk ! c� 6= c
for k ! 1 . But in the �rst part of the proof we have shown that this is a

su�cient condition for the subsequence P(Ank ) to converge to e� c� 4

6= e� c4
. It

follows that P(An ) cannot converge toe� c4
, because otherwise all subsequences

of P(An ) would also converge to this value. �

Combining Theorem 2.7 and Proposition 2.6, the following Corollary imme-
diately follows.

Corollary 2.8 Let the edge probabilitypn = 1 � cnp
n . We have that Gn is

connected w.h.p. if and only if cn ! 0.

Note that in the above corollary cn is an arbitrary sequence that tends to zero.
The corollary states that in order for the random grid to be fully connected, the
edge probability must tend to one at a rate that scales slightly higher than the
square root of the side length of the box. Where `slightly higher' is quanti�ed by
the rate of convergence to zero of the sequencecn , which can be arbitrarily slow.

Similar results appear in [16] for the following continuum model. Let X be a
Poisson process of density� = 1 on the plane. We consider the random network
model (X; � = 1 ; r > 0) where undirected edges are drawn between Poisson
points at distance at most 2r of each other. We focus on the restrictionGn (r ) of
the network formed by the vertices that are inside a

p
n �

p
n box Bn � R2.

Theorem 2.9 (Penrose (1997)) If � (2rn )2 = log n + � then the number of
isolated nodes insideBn converges in distribution to a Poisson random variable
of parameter � = e� � .

The following is a slight extension of Theorem 2.9 that can beproven following
the same arguments as in the proof we have given for its discrete counterpart,
Theorem 2.7.

Theorem 2.10 Let � (2rn )2 = log n + � n and let An be the probability that there
are no isolated nodes inBn . We have that

lim
n!1

P(An ) = e� e� �
(19)
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if and only if � n ! � (where � = 1 is allowed).

Above result shows that singleton nodes asymptotically disappear if and only if
� n ! 1 . Additional results in [16] also lead to the following theorem, see also
[12].

Theorem 2.11 Let � (2r )2 = log n+ � n . We have thatGn (r ) is connected w.h.p.
if and only if � n ! 1 .

It is interesting to note how the role of � n ! 1 in Theorem 2.11 is replaced
by cn ! 0 in Corollary 2.8.

3 Critical node lifetimes

We now move from the static scenario examined in the previoussection to a more
dynamic one. The main idea in this section is that nodes in thenetwork have
limited lifetime and tend to become inactive over time. The application we have
in mind is that of nodes equipped with batteries that progressively discharge, so
that the probability that a single node becomes inactive increases over time. We
wish to see how this new assumption can be incorporated with the scaling laws
that we have derived in the previous section and the results of Penrose. Let us
�rst give an informal picture: imagine to �x the system size n and let time t
evolve. As nodes start progressively to fail, one might reasonably expects that
there is a critical time tn at which nodes with no active neighbours (i.e.,blind
spots) begin to appear in the network, and we are interested in �nding the correct
time scale at which this phenomenon can be observed.

To place above picture into a rigorous framework, we proceedin two steps.
First, we extend the results given in the previous section, to derive scaling laws for
the number of blind spots in the network at a given time t. Then we �x n and let
t evolve, and depending on the way we scale the radii, we obtainthe time scaletn

at which the number of blind spots converges to a non-trivial distribution. This
can be e�ectively viewed as the critical time at which blind spots can be �rst
observed, and holds for a given failure probability distribution that is related to
the battery drainage of the nodes. We �rst illustrate the sit uation for the discrete
and then treat the continuum model.

Let us denote byGn the random n� n grid with edge probability pn . For every
n, all nodes have a common random lifetime distributionqn (t). That is, if we let
Ti be the (random) failure time of node i , then for all i 2 Gn , Pn (Ti � t) = qn (t).
Node i is called active for t < T i and inactive for t � Ti . A blind spot is a node
(either active or inactive) that is not connected to any active neighbours. For
simplicity we consider a torus, but the results generalize to the square. LetI i (t)
be the indicator random variable of the event that node i is a blind spot at time
t. Now, I i (t) = 1 if for all four neighbours of i , the neighbour is inactive or there
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is no connection. Accordingly, we have

P(I i (t) = 1) = [ qn (t) + (1 � qn (t))(1 � pn )]4

= [1 � pn + pnqn (t)]4: (20)

We can now apply the Chen-Stein method to study the limiting distribution
as n ! 1 of the sum of the dependent random variablesI i (t), i = 1 ; : : : ; n2,
as we did in Theorem 2.5 for the distribution of the isolated nodes. Note that
blind spots in this case are increasing functions of independent random variables
corresponding to the edges of the dual graph and the state of the neighbors at time
t. Omitting the tedious computations and proceeding exactlyas in Theorem 2.5,
we have the following result for the asymptotic behaviour ofblind spots for a given
failure rate qn (t) and edge probability pn , that is the analogous of Theorems 2.5
and 2.7 in this dynamic setting 2.

Theorem 3.1 Let � be a positive constant and lettn be such that

n2[1 � pn + pnqn (tn )]4 = �: (21)

Then the number of blind spots inGn converges in distribution to a Poisson
random variable of parameter � . Furthermore, letting An be the event that at
time tn there are no blind spots inGn , if

pn � pnqn (tn ) = 1 �
cnp

n
; (22)

then
lim

n!1
P(An ) = e� � (23)

if and only if cn ! �
1
4 .

We explicitly note that if qn (t) = 0, then (22) reduces to the scaling ofpn

given in Theorem 2.7.
We can now use Theorem 3.1 to derive the critical threshold time tn at which

blind spots begin to appear in the random network. To do this, we must �x n
and let t evolve to in�nity. Clearly, the critical time scale must dep end on the
given failure rate qn (t). Accordingly, we let

qn (t) = 1 � e� t=� n ; (24)

which captures the property that a given node is more likely to fail as time
increases. In (24), � n can be interpreted as the time constant of the battery
drainage of a given node in a network of sizen2 . It is clear that other expressions
of the failure rate, di�erent from (24), can also be assumed.By substituting (24)

2Considering a square instead than a torus, one needs to trivially modify eq. (20) and pa-
tiently go through even more tedious, but essentially similar comput ations.
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into (22) we have that the critical time at which blind spots b egin to appear in
the random network, is given by

tn = � � n log
�

1
pn

�
cn

pn
p

n

�

= � � n log

 
1 � cnp

n

pn

!

: (25)

Some observations are now in order. Note that ifpn = 1 � cnp
n then tn = 0, which

is coherent with Theorem 2.7, stating that in this case thereare isolated nodes
even if all the nodes are active all the time, whenevercn ! c. On the other hand,
it is clear from (25) that if pn approaches one at a faster rate than 1� cnp

n , then
the critical time scale required to observe blind spots increases. In practice, what
happens is that a rate higher than what is required to avoid blind spots when all
the nodes in the grid are active, provides some `slack' that contrasts the e�ect of
nodes actually becoming inactive over time.

We now consider the continuous case. We assume that any Poisson point can
become inactive before timet with probability qn (t). We also let the probability
of a node being active at timet be sn (t) = 1 � qn (t). The type of critical time
{ analogous to the discrete setting above { now strongly depends on the type of
scaling that we use for the radii.

We �rst derive scaling laws for the number of active blind spots in the network.

Theorem 3.2 If at the times tn we have

� (2rn )2 =
lognsn (tn ) + � n

sn (tn )
;

where � n ! � and nsn (tn ) ! 1 , then the number of active blind spots inBn at
time tn converges in distribution (as n ! 1 ) to a Poisson random variable of
parameter e� � .

Furthermore, if at the times tn we have

� (2rn )2 =
logn + � n

sn (tn )
;

where � n ! � and sn (tn ) ! s, then the number of active blind spots inBn

at time tn converges in distribution to a Poisson random variable of parameter
se� � .

Proof of Theorem 3.2 By Theorem 2.9 we have that for a continuum percola-
tion model of unit density inside the box Bn , if � (2r )2 = log n + � n with � n ! � ,
then the number of isolated nodes converges to a Poisson distribution of parame-
ter e� � . Writing sn for sn (tn ), the same clearly holds for the continuum model in
the box Bnsn with density 1, and a radius rn satisfying � (2rn )2 = log nsn + � n ,
as long asnsn ! 1 . Indeed, under this last condition this just constitutes a
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subsequence of our orignal sequence of models. When we now scale the latter
sequence of models back to the original sizeBn , that is, we multiply all lenghts
by s� 1=2

n , we obtain a sequence of models with densitysn and radii rn given by

� (2rn )2 =
lognsn + � n

sn
: (26)

It immediately follows that in this model the number of isola ted nodes converges
to a Poisson distribution of parameter e� � , and the �rst claim follows.

To prove the second claim, we simply write

logn + � n

sn
=

lognsn + � n � logsn

sn
;

and then the claim follows from the previous result, with � n replaced by � n �
logsn . �

To see how these results can be used, consider the situation in which sn (t) =
e� t=� n . Since nsn (tn ) = ne� tn =� n , it follows that nsn (tn ) ! 1 if and only if
logn � tn=�n ! 1 . Hence, when we use the �rst scaling in Theorem 3.2, along
any sequencetn that satis�es this last condition, the number of active blin d spots
converges in distribution to a Poisson law with parametere� � .

On the other hand, if for some s, tn = � � n logs + o(� n ), then sn (tn ) ! s
and when we use the second scaling in Theorem 3.2, it follows that along the
sequencetn , the number of active blind spots converges to a Poisson law with
parameter se� � . Note that di�erent scalings of the radii lead to di�erent cr itical
times.

For blind spots which are not necessarily active, we have thefollowing result.

Theorem 3.3 If at the times tn we have

� (2rn )2 =
logn + � n

sn (tn )
;

where � n ! � , then the number of blind spots in inBn converges in distribution
to a Poisson random variable of parameter� = e� � .

Before we prove this result, a few remarks are appropriate. First of all, this
result cannot be obtained from simple scaling the original results of Penrose, as
we did in the proof of Theorem 3.2. Secondly, the role ofsn is quite di�erent
here. In particular, we need no longer require anything about the asymptotic
behaviour of sn (tn ). The previous requirement nsn (tn ) ! 1 was to make sure
that enough active blind spots would be there, compared to the volume of the
box, to ensure Poisson convergence. But since we allow all blind spots here,
this is not needed anymore. Due to the particular scaling of the radii in this
case, there is no notion of a critical time. Loosely speaking, in this case the
choice of the critical radius `scales away' the notion of a critical time and ensures
Poisson convergence for any choice of the failure probability. On the other hand,

13



in Theorem 3.2, for a given choice of the radius, the criticalsequencetn must
satisfy additional conditions due to the thinning of the system to ensure Poisson
convergence.

Proof of Theorem 3.3 The proof is based on the application of the Chen-Stein
bound (4) and is a slight modi�cation of the proof of Proposit ion 2.9 in [16]. The
required modi�cation is to change the event of not having Poisson points in a
region of radius 2rn , to the event of not having any active Poisson point in such
a region and to go through the computations. Precise detailswhere the proof in
[16] is modi�ed are given next.

The proof is based on a suitable discretisation of the space,followed by the
evaluation of the limiting behaviour of the event that a node is isolated. Let us
describe the discretisation �rst. We start working on a toru s and we partition
Bn into m2 subsquares (denoted byui ; i = 1 ; : : : ; um2 ) of side length

p
n=m,

and centered inc1; : : : ; cm2 respectively. Let Amn
i be the event that ui contains

exactly one Poisson point. For any �xed n we have

lim
m!1

P(Amn
i )

n
m2

= 1 : (27)

Note that events Amn
i are independent of each other for alli , and that the limit

above does not depend oni . We now turn to consider node isolation events,
writing sn = sn (tn ). Let Dn be a disc of radius 2rn such that

� (2rn )2 =
logn + � n

sn
;

centered at ci . We let B nm
i be the event that the region of all subsquares inter-

secting f Dn nui g does not contain any active Poisson point. For any �xedn, we
have

lim
m!1

P(B nm
i )

e� � (2r n )2sn
= 1 : (28)

Note that in (28) the limit does not depend on i , because of the torus assumption.
Note also that events B nm

i are certainly independent of each other for boxesui

centered at points ci further than 5 rn away from each other, because in this case
the corresponding discsDn intersect disjoint subsquares.

We now de�ne the following random variables

I i =
�

1 if Amn
i and B nm

i occur;
0 otherwise;

(29)

W m
n =

m2X

i =0

I i ; Wn = lim
m!1

W m
n : (30)

We want to use the Chen-Stein bound in Theorem 2.4. Accordingly, we de�ne
a neighbourhood of dependenceN i for each i � m2 as

N i = f j : jsi � sj j � 5rng; (31)
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Note that the I i is independent fromI j for all indices outside the neighbourhood
of independence ofi . We also de�ne

b1 �
m2X

i =1

X

j 2N i

E(I i )E (I j )

b2 �
m2X

i =1

X

j 2N i ;j 6= i

E(I i I j ): (32)

By Theorem 2.4 we have that

dT V [W; Po(� )] � 2(b1 + b2); (33)

where � := E(W m
n ) can be computed as follows. Writing a � m b if a=b! 1 as

m ! 1 , by monotone convergence of (30) and using (27), (28) we have

E(W m
n ) � m ne� � (2r 2

n )sn

= elog n� (log n + � n )
sn

sn

= e� � n : (34)

We then also have that

lim
n!1

lim
m!1

E(W m
n ) = lim

n!1
e� � n = e� � : (35)

The remaining part of the proof that computes the right-hand side of (33) and
shows that it tends to zero, as well as the adaptation from a torus to a square,
is identical to [16]. �

We wish to compare the statements of Theorems 3.2 and 3.3 withthe corre-
sponding results in [18]. These authors consider a model of density n inside the
box of unit area where each node can be active with probability s, uniformly in n.
In this case they show that if � (2r )2 = log n+ �

sn , then the number of active nodes
without active neighbours, converges to a Poisson random variable of parameter
se� � ; and the number of nodes (active or inactive) without active neighbours
converges to a Poisson random variable of parametere� � . We can recover these
results by simply scaling all distance lengths in our proofsby

p
n, considering

a density of nodes� = n, and letting sn (t) = s for all t. Our proofs are much
simpler though, and our results much more general.

As to the results in [14], we note that these contain unspeci�ed order terms
that do not allow to recover results in [18]. Our theorems aretighter, and also
our proofs much simpler.

Finally, results reported in the discrete setting are new and reveal interestingly
di�erences with the continuum case for both connectivity [16] and critical times.
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4 Conclusion

Ad-hoc and sensor networks are often modelled as random connection graphs. In
these systems nodes are subject to battery drainage, and canbecome inactive over
time. By applying the Chen-Stein method of Poisson approximation, we have
shown how to obtain a critical time scale at which the number of blind spots
has a non-trivial limiting distribution in di�erent models o f random networks.
This can be e�ectively viewed as the critical time at which bl ind spots begin
to arise in the network. Some of our results reduce to previous ones of [18] in
the special case when the failure probability does not depend on n and there is
no time evolution. Our results are stronger than the ones of [14], where some
order terms have not been completely characterized, and naturally follow from
Poisson approximation and scaling relations applied to thework in [16]. Finally,
the paper serves as an illustration of the Chen-Stein method applied to random
communication networks, which allows to obtain derivations in an elegant and
compact way.
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